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APPENDIX A. PROOFS

A.1. Proposition 1. For any matching V' € I', each of the K! possible permutations of V'
has strictly positive probability, so Pr{V} =3 5, Pr{v}, which can be rewritten using

the chain rule as

Pr {V} = Z H (PI‘{Rk |Vk,1} . PI‘{Wk ’Rk, Vi—1 }) s

veP(V) k=1
where v,_; denotes the matches selected in steps 1 through k — 1. Since the randomization

is uniform at each step, Pr{ Ry |vy_1 } simplifies to =—— and Pr{W} |Rg, vi_1} =

K—k+1 k+1 Wi (v)

A.2. Proposition 2. The constrained R-first element-uniform draw is distinct from: (i) a
uniform draw over I'; (ii) A sequential uniform draw of I'-feasible team pairs; and (iii) The
same draw where we switch the labeling of R and W (the I'-constrained element-uniform

draw where we draw from W first).

Part (i). Consider a problem of matching R = {a,b,c,d} to W = {e, f,g,h} under the
constraints H = {ae, bf, cg, dh,ah,bg,dg}. The three resulting feasible matchings are given
by Vi = {ag,be,ch,df}, Vo = {ag,bh,ce,df}, and V3 = {ag,bh,cf,de}. Under a uniform
draw over I' = {V7, V5, V3}, the probability of V] is equal to % However, under the constrained
R-first element-uniform draw, (and knowing that a is degenerate) the probability of V; is
given by:

Pr{Vi} =Pr{be € V*} =Y Pr{w =a} -Pr{bec V'|jw; =z} =2
zeW

Hence, the two procedures are distinct.?

Part (ii). Consider a problem of matching W = {a,b,c,d} to R = {e, f,g,h} under the
constraints H = {bf,cg,ch,bg,dh}. Among the five resulting feasible matchings, only
Vi = {af,bh,ce,dg} contains the match af. Under a sequential uniform draw of I'-feasible
team pairs Pr{V;} = Pr{af € V*} = 308,
uniform draw Pr{V;} = Pr{af € V*} = 2%

However, under the constrained R-first element-

88 Hence, the two procedures are distinct.

Part (ii). Consider a problem of matching R = {a,b,c,d} to W = {e, f,g,h} under the
constraints H = {bf, cg, ch,bg,dh}. Among the five resulting feasible matchings, only V} =

IThe proof requires at least a 4 x 4 market, as a 3 x 3 is degenerate with the standard symmetric group
constraints and a single asymmetric same-nation exclusion. The proof can obviously be extended to any
n X n market by making the remaining (n — 3) match partners unique through exclusions.
2The proof becomes more cumbersome but still goes through if we removed the dg exclusion that forces ag
to be degenerate.
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{af,bh,ce,dg} contains the match af.> Under the constrained W-first element-uniform draw
Pr{Vi} = Pr{af € V*} = {&; However, under the constrained R-first element-uniform

draw Pr{Vi} = Pr{af € V*} = 22.* Hence, the two procedures are distinct.

A.3. Proposition 3. First, notice that any assignment V can be rewritten as a matrix
X(V) € {0,1}"*F with a generic entry z,;(V) = 1 {r;w; € V} indicating whether or not
runner-up r; is matched to winner w;. Since V' represents a perfect matching between R and
W, X(V) is a rook-matrix where each row and column have exactly one unit-valued entry
with all other entries equal to zero.

Second, for any random draw over 'y, the expected assignment matrix is defined as
A =EX(V) = > yer, Pr{V}-X(V), with the generic entry a;; representing the probability
of the r;w; match.

Next, recall that an expected assignment matrix A in our setting satisfies the matching

constraints if:

(1) Each entry a;; can be interpreted as the probability of r;w; being part of V' (Vi,j :
0<a; <1)
(2) Excluded entries have zero probability (Vrw; € H : a;; = 0);
(3) Each row and column can be interpreted as the marginal probability distribution for
the respective team (Vi,j : Sor ap; = Son, ag = 1).
As such, the matching constraints can be grouped into two distinct sets: (i) the union of
the singleton constraints and the K row constraints; and (ii) the K column constraints and

the result follows.® Consequently, the matching constraints satisfy the bihierarchy condition
in Budish et al. (2013, Theorem 1) and the result follows.

A.4. Proposition 4: Simulation Error Result.

Proposition 4. Simulating the mechanism N = 10° times leads to 95 percent confidence
intervals smaller than +0.001.

Proof. Assignments are independent draws from a fixed distribution with a probability of
selecting assignment V' given by f(V'). The probability that the particular match ab is se-
lected is given by pab = D _yepr(an) J (V) Where My, := {V € I'|ab € p} is the set of matchings

3A similar counterexample can be constructed with the standard group restriction enforced, but would
require a 5 x 5 market; We omit it for tractability and instead, focus on a 4 x 4 sub-market.
4The four other matchings are: Vp = {ae,bh,cf,dg}; V3 = {ag,bh,ce,df}; Vu = {ag,bh,cf,de}; V5 =
{ah,be,cf,dg}.
5The quotas for each element ai; are a min and a max of zero for the excluded singletons; a min of zero and
a max of one for the non-excluded singletons; a min and a max of one for the row sum; and a min and a
max of one for the column sum.
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which include ab. We simulate the vector 82-vector p where each element in pg, is calculated

AN
from the N independent simulation assignments (VZ)
i=1

1 & .
Dab 32N21{ab€%}.
=1

The vector p has the obvious property that E(p) = p. We can use the central-limit theorem
to show that \/n(p — p) = Nea(0, €2) where the variance-covariance matrix € has a generic

element given by:
Wabea = Pr{ab A cd} — Pr{ab} Pr{cd},

which can be estimated by
| N
Gued = 37 21 {ab,cd € Vi} = puspea.

However, given a simulation-size of N = 105, a conservative estimates (as Wab,ab < }t) for the

95 percent confidence interval for each probability p,, is given by p., £ % ~ Doy £0.001. [



APPENDIX B. DATA AND ESTIMATION OF GAME-OUTCOME MODEL

In order to account for variation in teams’ ability while examining potential effects driven
by the tournament’s constraints, we estimate a commonly used structural model for football-

game outcomes: the bivariate Poisson (Maher, 1982; Dixon and Coles, 1997).

B.1. Model. Let S; and S; be the random variables indicating the number of goals scored
by home-team ¢ and guest-team j in a given game. In a bivariate Poisson model with
parameters (A, Ag, A3) the realized scoreline (s;, s;) has a joint probability distribution given
by

Pris.sy (o) oxp (- O 42 ) 2528 TS () () ()
res, s (Si,Si) = exp{— — ! ,
(Si,55) J p 1 2 3 ;! Sj! — k k A1
where E [Sz] = )\1 + )\3, E [SJ] = )\2 -+ )\3 and Cov (SZ, S]) = )\3.

In our specification, we follow Karlis and Ntzoufras (2003) and assume that In Ay = pf+n'+
a;— 0%, In Ay = p'+af — 85, and A3 = p'., where o}, and §j, measure the idiosyncratic offensive
and defensive abilities for team & in season t (larger values indicating greater ability), u'

denotes the season-specific constant, and n' is the season-specific home-advantage parameter.

B.2. Estimation. We estimate the above model via constrained maximum likelihood sep-
arately for each season ¢t between 2004 and 2022. For scale identification we impose two
sum-to-zero constraints in each season, forcing Y, af = >, i = 0. For estimation in
season t we rely on game-level data from the group stage in season ¢ and the group and
knock-out stages (except for the final game which is played on a neutral soil) in seasons t — 1
and t — 2. This results in a total of 408 game-level observations used in the estimation for
the 2004 season, 376 observations for the 2005 season, and 348 observations for each season
between 2006 and 2022. The differences in the number of observations across years result
from a change to the tournament design in the 2004 season, where a second group stage
feeding into the quarter-finals was replaced by the R16. Table B.1 below provides summary
statistics for the UCL game-level outcomes in all seasons between 2002 and 2022.°

In Figure B.1 we graph the estimated parameters (defense on the horizontal axis, offense
on the vertical) for the subset of teams reaching the R16 in the 2004-19 seasons, dropping
those that fail to get past the group stage. The strongest teams have large positive values
for both the offense and defense parameters; see for example Manchester United in 2010 and

FC Barcelona in 2011. Conversely, low-performing teams have either a negative value for

6The 2020 season was interrupted by the outbreak of the COVID-19 pandemic. Once the seasons resumed the
quarter- and semi-finals followed a one-leg format and were played on a neutral ground. For the estimation
of the model parameters in the 2021-2022 seasons we assumed that the 2020 QFs and SFs were played twice,
once at home, once away, each time with the same realized outcome.
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TABLE B.1. Summary statistics for the number of goals scored in the UCL

Average Std. Dev.

Season # Games
Home Away Home Away

2002 156 1.69 0.95 1.18 0.90
2003 156 1.58 1.19 1.36 1.07
2004 124 1.52 0.94 1.37 0.99
2005 124 1.69 0.97 1.46 1.07
2006 124 1.39 0.86 1.31 0.97
2007 124 1.47 1.00 1.29 1.05
2008 124 1.57 1.07 1.42 1.02
2009 124 1.45 1.19 1.34 1.28
2010 124 1.42 1.15 1.23 1.13
2011 124 1.64 1.19 1.44 1.27
2012 124 1.68 1.09 1.54 1.13
2013 124 1.63 1.31 1.30 1.10
2014 124 1.62 1.26 1.35 1.33
2015 124 1.70 1.19 1.60 1.33
2016 124 1.68 1.12 1.42 1.13
2017 124 1.84 1.19 1.68 1.23
2018 124 1.77 1.43 1.53 1.40
2019 124 1.71 1.23 1.43 1.20
2020 124 1.77 1.54 1.50 1.45
2021 124 1.48 1.48 1.25 1.33
2022 96 1.71 1.39 1.39 1.42

From the group stage onward except for the final game
played on a neutral ground. At the time of writing, the
2022 season has not yet concluded and thus, the summary
statistics for the number of goals in that season refer only
the 96 group-stage games

the offense parameter (AS Monaco in 2015), the defense parameter (AC Milan in 2011), or
both (Rangers in 2006). The large mass of teams are low-to-medium-strength with small
but positive values over both the offense and defense parameters (see Table B.2 below).
Complementing the figure, Table B.3 presents summary statistics for the estimated offense
and defense parameters broken out by the realized stage reached within the tournament. We
find that the eight teams that progress to the quarter-finals are stronger both offensively
and defensively than those eliminated in the R16. Similarly, the four teams advancing to the
semi-finals have better offensive and defensive performance relative to those knocked out in
the quarter-finals. A two-sample Kolmogorov-Smirnov test confirms the pattern, indicating
that the empirical distributions of the offense and defense parameters in the R16 and the

semi-finals are statistically different (p = 0.002 for offense, p < 0.001 for defense).
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FiGURE B.1. Estimated offense and defense parameters for the R16 teams
Figure details: Figure excludes estimated parameter pairs for teams that failed to reach the R16.

TABLE B.2. Estimated coefficients of the bivariate Poisson model

Season ut nt pt
2004 -0.25 0.42 -2.06
2005 -0.47 0.46 -2.00
2006 -0.71 0.57 -1.88
2007 -0.86 0.55 -1.99
2008 -0.49 0.46 -2.02
2009 -0.85 0.37 -1.71
2010 -1.34 0.29 -1.37
2011 -1.51 0.31 -1.33
2012 -0.69 0.27 -10.34
2013 -0.25 0.34 -2.23
2014 -0.05 0.31 -13.76
2015 -0.04 0.27 -16.38
2016 -0.09 0.34 -15.78
2017 -0.07 0.39 -14.96
2018 -0.05 0.37 -16.59
2019 -0.22 0.32 -16.06
2020 0.11 0.23 -16.71
2021 0.17 0.17 -16.46
2022 0.16 0.11 -14.73

u! denotes the constant term, n° the home-
effect parameter, and p the correlation coef-
ficient between the number of goals scored
by two opposing teams



TABLE B.3. Summary statistics for estimated parameters (R16 teams)

Offense parameter, o, Defense parameter, o},
Mean Med. Min Max Mean Med. Min Max

Elim. in R16 0.59 050 -0.32 225 025 0.17 -0.71 10.99
Elim. in QF 0.66 0.62 -0.51 267 033 029 -0.73 2.00
Reach SF 0.74 069 -043 228 061 043 -043 11.52

For 20042021 seasons only

Stage




APPENDIX C. ADDITIONAL TABLES AND FIGURES

TABLE C.1. Format of the post-qualifying stages of the UCL

Season(s) 1st knockout phase Group stage 2nd knockout phase
K1 K2 G1 G2 R16 QF SF F
1956-1966 16 8 4 2
1967 30 16 8 4 2
1968-1991 32 16 8 4 2
1992-1993 32 16 8 2
1994 32 16 8 4 2
1995-1997 16 8 4 2
1998-1999 24 8 4 2
2000-2003 32 16 8 4 2
2004-2022 32 16 8 4 2

K1 and K2 denote the number of teams competing in the 1st and 2nd knock-out round; G1 and
G2 in the 1st and the 2nd round of the group stage; R16 in the R16, QF in the quarter-final,
SF in the semi-final, and F in the final game. Source: Table compiled based on data provided
by UEFA on https://www.uefa.com/uefachampionsleague

TABLE C.2. Number of same-nation exclusions in the UCL R16

Season TOP5 POR RUS Total
ENG ESP FRA GER ITA Total
2004 3 3 3
2005 4 2 6 [
2006 1 2 3 3
2007 2 1 2 5 5
2008 4 2 6 6
2009 4 3 2 9 1 10
2010 1 2 3 3
2011 3 2 5 5
2012 1 2 3 3
2013 1 4 1 6 6
2014 4 4 8 8
2015 2 1 4 7 7
2016 2 2 (1) 3
2017 2 4 1 2 9 9
2018 4 2 1 7 7
2019 3 2 1 2 1 9 9
2020 4 4 1 2 2 13 13
2021 3 4 2 9 9
2022 3 2 1 1 7 7
Mean 2.8 2.7 1.0 2.5 1.6 5.7 5.8

(1) indicates a constraint generated by FC Zenit (RUS) and FC
Dynamo Kyiv (UKR). Source: Table compiled based on data pro-
vided by UEFA on https://www.uefa.com/uefachampionsleague
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TABLE C.3. Linear regression for simulation results

Regressor Estimate Std.Err
Assignment’s dimension -1.33E-02 6.50E-05
Number of constraints 2.73E-03 8.90E-06
Number of valid assignments 2.44E-06 2.21E-08
Independent constraints=Yes 9.02E-02 4.03E-04
Negatively-correlated constraints=Yes 8.40E-02 4.11E-04
Positively-correlated constraints=Yes 9.43E-02 4.12E-04

The dependent variable is the efficiency loss ¢. The number of observations is
equal to 540,000
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APPENDIX D. EXPECTED ASSIGNMENT MATRICES FOR THE UCL SEASONS 20042019

TABLE D.1. Season 2004

FC Bayern Munchen FC Lokomotiv Moskva RC Deportivo La Coruna  Real Sociedad de Futbol VIB Stuttgart FC Porto AC Sparta Praha RC Celta de Vigo

Olympique Lyonnais 0. 0.123 0.164 0.164 0.123 0.139 0.123 0.164
Arsenal FC 0.123 0. 0.164 0.164 0.123 0.139 0.122 0.164
AS Monaco FC 0.127 0.127 0. 0.173 0.127 0.147 0.127 0.172
Juventus 0.127 0.127 0.172 0. 0.128 0.147 0.127 0.173
Manchester United FC | 0.123 0.123 0.164 0.164 0. 0.14 0.124 0.164
Real Madrid CF 0.25 0.25 0. 0. 0.25 0. 0.25 0.

Chelsea FC 0.123 0.124 0.164 0.163 0.123 0.14 0. 0.164
AC Milan 0.127 0.127 0.173 0.172 0.127 0.147 0.127 0.

TABLE D.2. Season 2005

Liverpool FC Real Madrid CF FC Bayern Munchen Manchester United FC PSV Eindhoven FC Barcelona SV Werder Bremen FC Porto
AS Monaco FC 0. 0.126 0.145 0.198 0.132 0.122 0.146 0.131
Bayer 04 Leverkusen 0.251 0. 0. 0.251 0.169 0.16 0. 0.17
Juventus 0.185 0.124 0. 0.184 0.123 0.117 0.142 0.124
Olympique Lyonnais 0.198 0.128 0.145 0. 0.131 0.122 0.145 0.131
Arsenal FC 0. 0.19 0.214 0. 0. 0.182 0.215 0.2
AC Milan 0.181 0.12 0.138 0.181 0.121 0. 0.138 0.121
FC Internazionale Milano | 0.185 0.123 0.142 0.185 0.124 0.117 0. 0.124
Chelsea FC 0. 0.189 0.215 0. 0.2 0.181 0.215 0.

TABLE D.3. Season 2006

FC Bayern Munchen AFC Ajax SV Werder Bremen SL Benfica PSV Eindhoven Real Madrid CF Chelsea FC Rangers FC

Juventus 0. 0.131 0.133 0.132 0.129 0.192 0.154 0.128
Arsenal FC 0.153 0. 0.157 0.158 0.153 0.226 0. 0.153

FC Barcelona 0.16 0.164 0. 0.168 0.161 0. 0.188 0.16
Villarreal CF 0.16 0.164 0.167 0. 0.16 0. 0.19 0.16

AC Milan 0.129 0.132 0.133 0.132 0. 0.192 0.152 0.13
Olympique Lyonnais 0.137 0.14 0.143 0.143 0.137 0. 0.162 0.137
Liverpool FC 0.132 0.137 0.135 0.135 0.132 0.197 0. 0.132

FC Internazionale Milano | 0.129 0.132 0.133 0.132 0.129 0.193 0.153 0.

TABLE D.4. Season 2007

FC Barcelona FC Internazionale Milano PSV Eindhoven AS Roma Real Madrid CF Celtic FC FC Porto LOSC Lille

Chelsea FC 0. 0.152 0.124 0.164 0.158 0.124 0.123 0.156
FC Bayern Munchen 0.152 0. 0.124 0.164 0.155 0.124 0.124 0.157
Liverpool FC 0.148 0.148 0. 0.159 0.151 0.121 0.121 0.152
Valencia CF 0. 0.223 0.182 0. 0. 0.182 0.182 0.231
Olympique Lyonnais 0.181 0.181 0.147 0.197 0. 0.146 0.147 0.

Manchester United FC | 0.148 0.148 0.121 0.158 0.151 0. 0.121 0.152
Arsenal FC 0.148 0.148 0.12 0.158 0.152 0.121 0. 0.152
AC Milan 0.222 0. 0.182 0. 0.232 0.183 0.182 0.
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TABLE D.5. Season 2008

Liverpool FC FC Schalke 04 Olympiacos FC Celtic FC  Olympique Lyonnais AS Roma Fenerbahce SK Arsenal FC
FC Porto 0. 0.129 0.121 0.123 0.12 0.187 0.123 0.198
Chelsea FC 0. 0. 0.179 0.182 0.179 0.278 0.182 0.
Real Madrid CF 0.18 0.119 0. 0.116 0.114 0.174 0.116 0.181
AC Milan 0.221 0.144 0.137 0. 0.137 0. 0.141 0.22
FC Barcelona 0.181 0.12 0.114 0.116 0. 0.174 0.116 0.18
Manchester United FC 0. 0.214 0.194 0.2 0.194 0. 0.199 0.
FC Internazionale Milano | 0.22 0.145 0.137 0.141 0.137 0. 0. 0.22
Sevilla FC 0.198 0.13 0.12 0.123 0.12 0.187 0.123 0.
TABLE D.6. Season 2009

Chelsea FCFC Internazionale Milano Sporting Clube de Portugal Club Atletico de Madrid Villarreal CF _ Olympique Lyonnais Arsenal FC Real Madrid CF
AS Roma 0. 0. 0.163 0.171 0.171 0.13 0.202 0.164
Panathinaikos FC 0.167 0. 0.137 0.141 0.142 0.109 0.166 0.137
FC Barcelona 0.282 0.248 0. 0. 0. 0.189 0.281 0.
Liverpool FC 0. 0.217 0.204 0. 0.216 0.16 0. 0.204
Manchester United FC | 0. 0.216 0.205 0.216 0. 0.16 0. 0.203
FC Bayern Munchen | 0.16 0.145 0.132 0.136 0.136 0. 0.16 0.131
FC Porto 0.198 0.175 0. 0.17 0.169 0.126 0. 0.161
Juventus 0.192 0. 0.16 0.165 0.166 0.126 0.191 0.

TABLE D.7. Season 2010

FC Bayern Munchen PFC CSKA Moskva AC Milan FC Porto Olympique Lyonnais FC Internazionale Milano

VIB Stuttgart

Olympiacos FC

FC Girondins de Bordeaux
Manchester United FC
Real Madrid CF

Chelsea FC

ACF Fiorentina

FC Barcelona

Sevilla FC

Arsenal FC

0.

0.131
0.135
0.131
0.206
0.135
0.131
0.131

0.152
0.

0.132
0.128
0.199
0.132
0.128
0.128

0.194
0.16
0.
0.16
0.
0.167
0.16
0.159

0.154
0.128
0.132

0.

0.198
0.131
0.128
0.129

0.

0.165
0.171
0.164
0.

0.171
0.165
0.164

0.194
0.16
0.166
0.16
0.

0.
0.16
0.16

0.153
0.128
0.132
0.129
0.198
0.132
0.

0.128

0.153
0.128
0.132
0.128
0.199
0.132
0.128
0.

TABLE D.8. Season 2011

FC Internazionale Milano Olympique Lyonnais Valencia CF FC Kobenhavn AS Roma Olympique de Marseille AC Milan Arsenal FC

Tottenham Hotspur FC
FC Schalke 04
Manchester United FC
FC Barcelona

FC Bayern Munchen
Chelsea FC

Real Madrid CF

FC Shakhtar Donetsk

o

0.121
0.169
0.147
0.121
0.158
0.147
0.137

0.153
0.
0.161
0.143
0.118
0.152
0.142
0.13

0.227
0.175
0.
0.
0.175
0.227
0.
0.196

0.156
0.12
0.168
0.
0.119
0.155
0.147
0.134

0.151
0.118
0.163
0.143
0.

0.152
0.143
0.131

0.158
0.12
0.17
0.147
0.121
0.
0.147
0.137

0.155
0.12
0.168
0.147
0.12
0.156
0.
0.134

0.
0.
0.
0.
0.
0.
0.
0.

226

274
225

274

TABLE D.9. Season 2012

SSC Napoli PFC CSKA Moskva FC Basel 1893 Olympique Lyonnais Bayer 04 Leverkusen Olympique de Marseille FC Zenit AC Milan

FC Bayern Munchen

FC Internazionale Milano
SL Benfica

Real Madrid CF

Chelsea FC

Arsenal FC

APOEL FC

FC Barcelona

0.

0.
0.164
0.165
0.17
0.165
0.164
0.172

0.171
0.

0.136
0.137
0.139
0.137
0.136
0.144

0.158
0.193
0.

0.128
0.131
0.129
0.129
0.132

0.158
0.193
0.129
0.

0.132
0.128
0.129
0.132

0.

0.229
0.154
0.154
0.

0.153
0.153
0.157

0.158
0.192
0.129
0.128
0.132
0.

0.129
0.132

0.157
0.193
0.129
0.129
0.132
0.129
0.

0.132

0.198
0.
0.159
0.16
0.164
0.16
0.16
0.
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TABLE D.10. Season 2013

FC Porto Arsenal FC AC Milan Real Madrid CF FC Shakhtar Donetsk Valencia CF  Celtic FC  Galatasaray AS

Paris Saint-Germain 0. 0.134 0.144 0.183 0.117 0.184 0.121 0.116

FC Schalke 04 0.117 0. 0.146 0.187 0.119 0.187 0.124 0.12

Malaga CF 0.189 0.217 0. 0. 0.194 0. 0.209 0.192

Borussia Dortmund 0.122 0.142 0.155 0. 0.125 0.201 0.132 0.125

Juventus 0.135 0.156 0. 0.215 0. 0.216 0.141 0.137

FC Bayern Munchen 0.122 0.141 0.154 0.202 0.125 0. 0.132 0.124

FC Barcelona 0.183 0.21 0.235 0. 0.186 0. 0. 0.187
Manchester United FC | 0.133 0. 0.166 0.212 0.135 0.213 0.141 0.

TABLE D.11. Season 2014

Bayer 04 Leverkusen Galatasaray AS Olympiacos FC Manchester City FC FC Schalke 04 Arsenal FC FC Zenit AC Milan

Manchester United FC | 0. 0.172 0.173 0. 0.31 0. 0.172 0.172
Real Madrid CF 0.173 0. 0.103 0.172 0.173 0.173 0.104 0.103
Paris Saint-Germain 0.172 0.103 0. 0.173 0.173 0.173 0.103 0.103
FC Bayern Munchen 0. 0.173 0.173 0. 0. 0.309 0.172 0.173
Chelsea FC 0.309 0.173 0.173 0. 0. 0. 0.173 0.172
Borussia Dortmund 0. 0.172 0.172 0.311 0. 0. 0.173 0.173
Club Atletico de Madrid | 0.173 0.104 0.103 0.172 0.172 0.172 0. 0.104
FC Barcelona 0.173 0.103 0.103 0.172 0.173 0.173 0.103 0.

TABLE D.12. Season 2015

Juventus FC Basel 1893 Bayer 04 Leverkusen Arsenal FC  Manchester City FC Paris Saint-Germain FC Schalke 04 FC Shakhtar Donetsk

Club Atletico de Madrid | 0. 0.11 0.177 0.143 0.143 0.127 0.19 0.11

Real Madrid CF 0.11 0. 0.177 0.142 0.143 0.128 0.189 0.111

AS Monaco FC 0.135 0.135 0. 0.177 0.177 0. 0.24 0.135

Borussia Dortmund 0.18 0.181 0. 0. 0.25 0.209 0. 0.181

FC Bayern Munchen 0.18 0.181 0. 0.25 0. 0.209 0. 0.181

FC Barcelona 0.113 0.112 0.18 0.145 0.145 0. 0.193 0.112

Chelsea FC 0.172 0.171 0.288 0. 0. 0.198 0. 0.171

FC Porto 0.11 0.11 0.178 0.143 0.142 0.129 0.189 0.

TABLE D.13. Season 2016

Paris Saint-Germain PSV Eindhoven SL Benfica Juventus AS Roma Arsenal FC FC Dynamo Kyiv KAA Gent

Real Madrid CF 0. 0.129 0.129 0.131 0.129 0.193 0.158 0.131

VIL Wolfsburg 0.129 0. 0.128 0.132 0.129 0.192 0.158 0.132
Club Atletico de Madrid | 0.129 0.128 0. 0.132 0.129 0.193 0.159 0.131
Manchester City FC 0.159 0.16 0.16 0. 0.16 0. 0.198 0.164

FC Barcelona 0.129 0.129 0.129 0.132 0. 0.193 0.158 0.131

FC Bayern Munchen 0.137 0.137 0.137 0.143 0.136 0. 0.169 0.14
Chelsea FC 0.164 0.164 0.164 0.172 0.165 0. 0. 0.171

FC Zenit 0.153 0.153 0.154 0.158 0.153 0.23 0. 0.

TABLE D.14. Season 2017

Paris Saint-Germain SL Benfica Manchester City FC FC Bayern Munchen Bayer 04 Leverkusen Real Madrid CF FC Porto Sevilla FC
Arsenal FC 0. 0.129 0. 0.165 0.158 0.216 0.133 0.199
SSC Napoli 0.127 0. 0.158 0.136 0.13 0.176 0.109 0.164
FC Barcelona 0.204 0.174 0. 0.231 0.212 0. 0.179 0.
Club Atletico de Madrid | 0.197 0.169 0.252 0. 0.209 0. 0.173 0.
AS Monaco FC 0. 0.126 0.185 0.162 0. 0.208 0.127 0.192
Borussia Dortmund 0.188 0.161 0.236 0. 0. 0. 0.164 0.251
Leicester City FC 0.151 0.128 0. 0.162 0.154 0.21 0. 0.195
Juventus 0.133 0.113 0.168 0.145 0.137 0.19 0.114 0.
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TABLE D.15. Season 2018

FC Basel 1893 FC Bayern Munchen Chelsea FC

Juventus Sevilla FC FC Shakhtar Donetsk

FC Porto Real Madrid CF

Manchester United

FC

Paris Saint-Germain

AS Roma
FC Barcelona
Liverpool FC

Manchester City FC

Besiktas JK

Tottenham Hotspur FC

0.
0.109
0.159
0.149
0.159
0.156
0.109
0.16

0.148
0.

0.151
0.144
0.151
0.148
0.105
0.152

0.
0.294
0.
0.413
0.
0.
0.293
0.

0.183
0.128
0.

0.

0.189
0.183
0.128
0.189

0.183
0.128
0.189
0.

0.

0.184
0.128
0.189

0.155
0.108
0.16
0.15
0.16
0.
0.108
0.159

0.148 0.182
0.105 0.128
0.152 0.189
0.144 0.

0.152 0.189
0.148 0.183
0. 0.129
0.151 0.

TABLE D.16.

Season 2019

Club Atletico de Madrid

Tottenham Hotspur FC

Liverpool FC

FC Schalke 04 AFC Ajax Olympique Lyonnais AS Roma Manchester United FC

Borussia Dortmund | 0. 0.175 0.175 0. 0.14 0.175 0.161 0.174
FC Barcelona 0. 0. 0.173 0.186 0.136 0.174 0.159 0.173
Paris Saint-Germain | 0.186 0.174 0. 0.18 0.132 0. 0.155 0.173
FC Porto 0.163 0.146 0.147 0. 0.117 0.146 0.135 0.145
FC Bayern Munchen | 0.184 0.166 0.167 0. 0. 0.166 0.152 0.165
Manchester City FC | 0.282 0. 0. 0.273 0.208 0. 0.237 0.

Real Madrid CF 0. 0.171 0.17 0.183 0.135 0.171 0. 0.171
Juventus 0.185 0.168 0.169 0.179 0.131 0.168 0. 0.

TABLE D.17. Season 2020

Real Madrid CF Tottenham Hotspur FC

Atalanta BC  Club Atletico de Madrid SSC Napoli

Borussia Dortmund

Olympique Lyonnais

Chelsea FC

Paris Saint-Germain
FC Bayern Munchen
Manchester City FC
Juventus

Liverpool FC

FC Barcelona

RB Leipzig
Valencia CF

0.
0.181
0.216
0.211
0.216
0.
0.176
0.

0.172
0.

0.
0.207
0.
0.22
0.173
0.227

0.146
0.151
0.

0.

0.184
0.186
0.145
0.188

0.184
0.187
0.224
0.
0.224
0.
0.181
0.

0.145
0.15
0.185
0.

0.
0.186
0.145
0.189

0.17
0.
0.206
0.2
0.206
0.

0.
0.218

0.
0.143
0.17
0.164
0.17
0.176
0.
0.177

0.182
0.189
0.
0.218
0.
0.232
0.179
0.

TABLE D.18. Season 2021

Club Atletico de Madrid VfL Borussia Monchengladbach FC Porto Atalanta BC

Sevilla FC SS Lazio FC Barcelona RB Leipzig

FC Bayern Munchen | 0.

Real Madrid CF
Manchester City FC
Liverpool FC
Chelsea FC
Borussia Dortmund
Juventus

Paris Saint-Germain

0

0.14

0.143
0.145
0.228
0.196
0.148

0.
0.
0.181
0.183
0.186
0.
0.256
0.194

0.164
0.204
0.
0.107
0.107
0.162
0.147
0.11

0.193
0.237
0.124
0.

0.126
0.191
0.

0.129

0.211
0.

0.131
0.133
0.

0.204
0.183
0.137

0.209
0.254
0.131
0.134
0.134
0.

0.

0.138

0.223
0.
0.136
0.14
0.141
0.215
0.
0.144

0
0
0
0
0
0
0

305
157
.16

161

217

0.

TABLE D.19.

Season 2022

Paris Saint-Germain Club Atletico de Madrid Sporting Clube de Portugal FC Internazionale Milano SL Benfica Villarreal CF FC Red Bull Salzburg Chelsea FC

Manchester City FC 0.

Liverpool FC 0.179
AFC Ajax 0.135
Real Madrid CF 0.194
FC Bayern Munchen | 0.136
Manchester United FC | 0.178
LOSC Lille 0.

Juventus 0.178

0.185
0.
0.14
0.
0.141
0.186
0.162
0.187

0.148
0.149
0.

0.163
0.113
0.148
0.131
0.149

0.185
0.187
0.139
0.
0.14
0.188
0.162
0.

0.148
0.148
0.113
0.163
0.

0.148
0.131
0.149

0.184
0.187
0.14
0.
0.14
0.
0.161
0.187

0.151
0.15
0.115
0.166
0.114
0.151
0.
0.151

0.
0.
0.217
0.314
0.217
0.
0.252
0.
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APPENDIX E. NEAR-OPTIMALITY OF THE UEFA PROCEDURE

E.1. Fairness objective for an eight-by-eight assignment.

E.1.1. Small-dimension analysis.

0.04
0.03
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E 0.02
o -
©) e
/@,"f
0.01 <
@
O Same row/column
© (Partial) symmetry
0 2 @ Other
0 0.01 0.02 0.03 0.04
Current

FiGure E.1.1.1. Number of constraints: C' = 2
Figure details: Red dashed line indicates fitted linear relationship.
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e
©
g
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O Same row/column
©® (Partial) symmetry
0 e @ Other
0 0.01 0.02 0.03 0.04
Current

FiGURE E.1.1.2. Number of constraints: C' = 3
Figure details: Red dashed line indicates fitted linear relationship.
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©® (Partial) symmetry
@ Other

0 0.01 0.02 0.03 0.04

Current

Ficure E.1.1.3. Number of constraints: C' = 4
Figure details: Red dashed line indicates fitted linear relationship.

E.1.2. Monte-Carlo simulation exercise: Independent Simulations.

0.25
0.2

0.15

Optimal

0.1

0.05

0.1 0.15 0.2 0.25
Current

FiGURE E.1.2.1. Number of constraints: C' =5
Figure details: Red dashed line indicates fitted linear relationship.
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0.2

0.15

Optimal

0.1

0.05

0 0.05 0.1 0.15 0.2 0.25

Current

Ficure E.1.2.2. Number of constraints: C' = 6
Figure details: Red dashed line indicates fitted linear relationship.
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0 0.05 0.1 0.15 0.2 0.25

Current

FiGUurE E.1.2.3. Fairness objective under independent constraint structures:
Optimal versus current, C' =7

Figure details: Red dashed line indicates fitted linear relationship.
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0 0.05 0.1 0.15 0.2 0.25

Current

Ficure E.1.2.4. Number of constraints: C' = 8
Figure details: Red dashed line indicates fitted linear relationship.
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0 0.05 0.1 0.15 0.2 0.25

Current

FiGURE E.1.2.5. Number of constraints: C' =9
Figure details: Red dashed line indicates fitted linear relationship.
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0 0.05 0.1 0.15 0.2 0.25

Current

FiGure E.1.2.6. Number of constraints: C' = 10
Figure details: Red dashed line indicates fitted linear relationship.
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FiGure E.1.2.7. Number of constraints: C' = 11
Figure details: Red dashed line indicates fitted linear relationship.

21



0.25

0.2

0.15

Optimal

0.1

0.05

0 0.05 0.1 0.15 0.2 0.25

Current

FiGURE E.1.2.8. Number of constraints: C' = 12
Figure details: Red dashed line indicates fitted linear relationship.
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FiGUre E.1.2.9. Number of constraints: C' = 13
Figure details: Red dashed line indicates fitted linear relationship.
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0 0.05 0.1 0.15 0.2 0.25

Current

FiGURE E.1.2.10. Number of constraints: C' = 14
Figure details: Red dashed line indicates fitted linear relationship.
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FiGURE E.1.2.11. Number of constraints: C' = 15
Figure details: Red dashed line indicates fitted linear relationship.
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0 0.05 0.1 0.15 0.2 0.25

Current

Ficure E.1.2.12. Number of constraints: C' = 16
Figure details: Red dashed line indicates fitted linear relationship.

0.25

0.2

0.15

Optimal

0.1

0.05

0 0.05 0.1 0.15 0.2 0.25

Current

FiGURE E.1.2.13. Number of constraints: C' =17
Figure details: Red dashed line indicates fitted linear relationship.
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0 0.05 0.1 0.15 0.2 0.25

Current

Ficure E.1.2.14. Number of constraints: C' = 18
Figure details: Red dashed line indicates fitted linear relationship.
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FiGUure E.1.2.15. Number of constraints: C' = 19
Figure details: Red dashed line indicates fitted linear relationship.
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0 0.05 0.1 0.15 0.2 0.25

Current

Ficure E.1.2.16. Number of constraints: C' = 20
Figure details: Red dashed line indicates fitted linear relationship.

E.1.3. Monte-Carlo simulation exercise: Correlated draws.

Draw procedure of C-correlated constraints: Let U = {(ij) : i,j = 1,..., K,i # j}, be a set
of all off-diagonal elements of K x K matrix. Let B denote a set of sampling weights of
elements in U. Let H4 be the set of C' drawn constraints Let m; for all ¢ = 1, ..., K denote
the cumulative number of times element (i-) has been drawn. Let m; for all j = 1,..., K

denote the cumulative number of times element (-j) has been drawn.

Algorithm. Initialization: Set Hyg =0, B=By =1, m;o=m;o=0.
Step-c: (forc=1to C)

(1) Chose (icj.) through a weighted draw over U with weights in B..
(2) Define the set of currently drawn constraints: Ha. = Ha -1 U (icjc)-
(3) Update the values of multiplicity factors by the latest draw:
Vi=1,.., K :mj.=mjc1+ 1=,
Vi=1,..,.K :mjc=mjc 1+ 1j——j
(4) Define the set of current sampling weights: B. = {b;;.} where
Y(ij) € Hag: bije =0
V(ij) €U/ Hay : bij. = b

maxz{m; c,mj,c}

For positively correlated constraints we set [b, b5, b5, b}, bt] = [3,6,9,12,15]. For negatively

correlated constraints we set [b}, by, 05,05, 05 = [1/3,1/6,1/9,1/12,1/15].
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0.1 0.15 0.2 0.25
Current

FiGURE E.1.3.1. Number of constraints: C' =5

Figure details: Red dotted line indicates fitted linear relationship for negatively correlated constraint struc-
tures. Blue dashed line indicates fitted linear relationship for positively correlated constraint structures.

0.25
0.2

0.15

Optimal

0.1

0.05

O Positive correlation
Negative correlation
0 0.05 0.1 0.15 0.2 0.25

Current

FIiGURE E.1.3.2. Number of constraints: C' = 6

Figure details: Red dotted line indicates fitted linear relationship for negatively correlated constraint struc-
tures. Blue dashed line indicates fitted linear relationship for positively correlated constraint structures.
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FiGUuRE E.1.3.3. Number of constraints: C =7

Figure details: Red dotted line indicates fitted linear relationship for negatively correlated constraint struc-
tures. Blue dashed line indicates fitted linear relationship for positively correlated constraint structures.
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FI1GURE E.1.3.4. Number of constraints: C' = 8

Figure details: Red dotted line indicates fitted linear relationship for negatively correlated constraint struc-
tures. Blue dashed line indicates fitted linear relationship for positively correlated constraint structures.
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FiGURE E.1.3.5. Number of constraints: C' =9

Figure details: Red dotted line indicates fitted linear relationship for negatively correlated constraint struc-
tures. Blue dashed line indicates fitted linear relationship for positively correlated constraint structures.
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FIGURE E.1.3.6. Number of constraints:, C' = 10

Figure details: Red dotted line indicates fitted linear relationship for negatively correlated constraint struc-
tures. Blue dashed line indicates fitted linear relationship for positively correlated constraint structures.
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FIGURE E.1.3.7. Number of constraints: C = 11

Figure details: Red dotted line indicates fitted linear relationship for negatively correlated constraint struc-
tures. Blue dashed line indicates fitted linear relationship for positively correlated constraint structures.
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FIGURE E.1.3.8. Number of constraints: C = 12

Figure details: Red dotted line indicates fitted linear relationship for negatively correlated constraint struc-
tures. Blue dashed line indicates fitted linear relationship for positively correlated constraint structures.

30



0.25

0.2
0.15
=
£
5
0.1
0.05 :
) & O Positive correlation
% Negative correlation
ok
0 0.05 0.1 0.15 0.2 0.25
Current

FIGURE E.1.3.9. Number of constraints: C = 13

Figure details: Red dotted line indicates fitted linear relationship for negatively correlated constraint struc-
tures. Blue dashed line indicates fitted linear relationship for positively correlated constraint structures.
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FIGURE E.1.3.10. Number of constraints: C' = 14

Figure details: Red dotted line indicates fitted linear relationship for negatively correlated constraint struc-
tures. Blue dashed line indicates fitted linear relationship for positively correlated constraint structures.

31



0.25

0.2
0.15
s
E
5
0.1
0.05
] O Positive correlation
e Negative correlation
ok
0 0.05 0.1 0.15 0.2 0.25

Current

FiGurE E.1.3.11. Number of constraints: C' = 15

Figure details: Red dotted line indicates fitted linear relationship for negatively correlated constraint struc-
tures. Blue dashed line indicates fitted linear relationship for positively correlated constraint structures.
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FiGURE E.1.3.12. Number of constraints: C' = 16

Figure details: Red dotted line indicates fitted linear relationship for negatively correlated constraint struc-
tures. Blue dashed line indicates fitted linear relationship for positively correlated constraint structures.
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FiGURE E.1.3.13. Number of constraints: C' = 17

Figure details: Red dotted line indicates fitted linear relationship for negatively correlated constraint struc-
tures. Blue dashed line indicates fitted linear relationship for positively correlated constraint structures.
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FIGURE E.1.3.14. Number of constraints: C' = 18

Figure details: Red dotted line indicates fitted linear relationship for negatively correlated constraint struc-
tures. Blue dashed line indicates fitted linear relationship for positively correlated constraint structures.
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FiGurE E.1.3.15. Number of constraints: C' = 19

Figure details: Red dotted line indicates fitted linear relationship for negatively correlated constraint struc-
tures. Blue dashed line indicates fitted linear relationship for positively correlated constraint structures.
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FIGURE E.1.3.16. Number of constraints: C' = 20

Figure details: Red dotted line indicates fitted linear relationship for negatively correlated constraint struc-
tures. Blue dashed line indicates fitted linear relationship for positively correlated constraint structures.
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E.2. Fairness objective for other assignments.

E.2.1. Siz-by-six assignment.
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(A) Number of constraints: C' =5

(B) Number of constraints: C' = 10

FiGure E.2.1.1. Red dashed line indicates fitted linear relationship
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E.2.2. Seven-by-seven assignment.
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(A) Number of constraints: C =5

(B) Number of constraints: C' =15

FiGure E.2.2.1. Red dashed line indicates fitted linear relationship
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